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HYPERBOLIC QUASI-GEODESICS IN CAT(0) SPACES
HAROLD SULTAN
ABSTRACT. We prove that in CAT(0) spaces a quasi-geodesic is Morse if and only if it is contracting.
Specifically, in our main theorem we prove that for X a CAT(0) space and γ ⊂ X a quasi-geodesic, the
following four statements are equivalent: (i) γ is Morse, (ii) γ is (b,c)–contracting, (iii) γ is strongly
contracting, and (iv) in every asymptotic cone Xω, any two distinct points in the ultralimit γω are
separated by a cutpoint. As a corollary, we provide a converse to the usual Morse stability lemma in
the CAT(0) setting. In addition, as a warm up we include an alternative proof of the fact, originally
proven in Behrstock-Drut¸u [BD], that in CAT(0) spaces Morse quasi-geodesics have at least quadratic
divergence.
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1. INTRODUCTION AND OVERVIEW
In the course of studying metric spaces one is frequently interested in families of geodesics which
admit hyperbolic type properties, or properties exhibited by geodesics in hyperbolic space which are
not exhibited by geodesics in Euclidean space. In the geometric group theory literature there are
various well studied examples of such hyperbolic type properties including being Morse, being con-
tracting, having cutpoints in the asymptotic cone, and having at least quadratic divergence. Specif-
ically, such studies have proven fruitful in analyzing right angled Artin groups [BC], Teichmu¨ller
space [B, BrF, BrM, BMM, Mos], the mapping class group [B], CAT(0) spaces [BD, BeF, Cha], and
Out(Fn) [A] amongst others (See for instance [DMS, DS, KL, Osi, MM]).
A Morse geodesic γ is defined by property that all quasi-geodesics σ with endpoints on γ remain
within a bounded distance from γ. A strongly contracting geodesic has the property that metric balls
disjoint from the geodesic have nearest point projections onto the geodesic with uniformly bounded
diameter. The divergence of a geodesic measures the inefficiency of detour paths. More formally,
divergence along a geodesic is defined as the growth rate of the length of detour paths connecting
sequences of pairs of points on a geodesic, where the distance between the pairs of points is growing
linearly while the detour function is forced to avoid linearly sized metric balls centered along the
geodesic between the pairs of points.
It is an elementary fact that in hyperbolic space all quasi-geodesics are Morse, strongly contract-
ing, and have exponential divergence. On the other end of the spectrum, in product spaces such as
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Euclidean spaces of dimension two and above, there are no Morse or strongly contracting quasi-
geodesics, and all quasi-geodesics have linear divergence. Relatedly, there are no cutpoints in any
asymptotic cones of product spaces, whereas all asymptotic cones of a δ-hyperbolic spaces are R-
trees, and hence any two distinct points are separated by a cutpoint.
In this paper we will explore the close relationship between the aforementioned hyperbolic type
properties of quasi-geodesics in CAT(0) spaces. The following theorem is a highlight of the paper:
Theorem 3.4. (Main Theorem) Let X be a CAT(0) space and γ ⊂ X a quasi-geodesic. Then the
following are equivalent:
(1) γ is (b,c)–contracting,
(2) γ is strongly contracting,
(3) γ is Morse, and
(4) In every asymptotic cone Xω, any two distinct points in the ultralimit γω are separated by a
cutpoint.
In particular, any of the properties listed above implies that γ has at least quadratic divergence.
Theorem 3.4 should be considered in the context of related theorems in [BeF, Cha, DMS, KL].
Specifically, in [KL] it is shown that periodic geodesics with superlinear divergence have at least
quadratic divergence. In [DMS] it is shown that properties (3) and (4) in Theorem 3.4 are equivalent
for arbitrary metric spaces. In [BeF] it is shown that in proper CAT(0) spaces a geodesic which is the
axis of a hyperbolic isometry is strongly contracting if and only if the geodesic fails to bound a half
plane. In [Cha] it is shown that geodesics with superlinear lower divergence are equivalent to strongly
contracting geodesics. The proof of Theorem 3.4 relies on careful applications of CAT(0) geometry
and asymptotic cones.
In [KL, BeF] it is shown that in proper CAT(0) spaces, periodic geodesics with superlinear diver-
gence in fact have at least quadratic divergence. Generalizing this result, in [BD] it is shown that in
CAT(0) spaces Morse quasi-geodesics have at least quadratic divergence. As a warmup for Theorem
3.4, in this paper we provide an alternative proof of this latter generalization. To be sure, Theorem
3.4 itself also provides an alternative proof of the same result.
Theorem 3.2. [BD] A Morse quasi-geodesic in a CAT(0) space has at least quadratic divergence.
Additionally, in this paper we write down an explicit proof of the following generalization of the
well known Morse stability lemma. While the lemma is implicit for instance in [B, DMS], there is no
recorded proof for the following version of the lemma in the literature. Accordingly, we include an
explicit proof in this paper.
Lemma 3.3. Let X be a geodesic metric space and γ ⊂ X a (b,c)–contracting quasi-geodesic. Then
γ is Morse. Specifically, if σ is a (K,L) quasi-geodesic with endpoints on γ, then dHaus(γ, σ) is
uniformly bounded in terms of only the constants b, c,K,L.
The proof of Lemma 3.3 is based on a similar proof in [A] dealing with the special case where γ
is a strongly contracting geodesic.
Moreover, as a corollary of Theorem 3.4 we highlight the following converse to the aforementioned
Morse stability Lemma:
Corollary 4.1. Let X be a CAT(0) space and γ ⊂ X a Morse quasi-geodesic. Then γ is strongly
contracting.
The plan for the paper is as follows. Section 2 provides background notation, definitions, and
results used in the paper. Section 3 includes the proof of Lemma 3.3 and Theorems 3.2 and 3.4.
Section 4 considers applications of Theorem 3.4 to the study of quasi-geodesics in CAT(0) spaces.
Finally, Section 5 closes with questions for future consideration.
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2. BACKGROUND
Definition 2.1. (quasi-geodesic) A (K,L) quasi-geodesic γ ⊂ X is the image of a map γ : I → X
where I is a connected interval in R (possibly all of R) such that ∀s, t ∈ I we have the following
quasi-isometric inequality:
|s − t|
K
− L ≤ dX(γ(s), γ(t)) ≤ K|s− t|+ L
We refer to the quasi-geodesic γ(I) by γ, and when the constants (K,L) are not relevant omit them.
An arbitrary quasi-geodesic in any geodesic metric space can be replaced by a continuous rec-
tifiable quasi-geodesic by replacing the quasi-geodesic with a piecewise geodesic path connecting
consecutive integer valued parameter points of the original quasi-geodesic. It is clear that this re-
placement process yields a continuous rectifiable quasi-geodesic which is in a bounded Hausdorff
neighborhood of the original quasi-geodesic. When doing so will not affect an argument, by replace-
ment if necessary we will assume quasi-geodesics are continuous and rectifiable. One upshot of the
assumption of continuous quasi-geodesics is that the for γ, σ quasi-geodesics, the distance function
ψ(t) = d(γ(t), σ) is continuous. More generally, for non-continuous quasi-geodesics this distance
function can have jump discontinuities controlled by the constants of the quasi-geodesics. Through-
out, for γ any continuous and rectifiable path, we will denote its length by |γ|.
The following definition of Morse (quasi-)geodesics has roots in the classical paper [Mor]:
Definition 2.2. (Morse) A (quasi-)geodesic γ is called a Morse (quasi-)geodesic if every (K,L)-
quasi-geodesic with endpoints on γ is within a bounded distance from γ, with the bound depending
only on the constants K,L. In the literature, Morse (quasi-)geodesics are sometimes referred to as
stable quasi-geodesics.
The following generalized notion of contracting quasi-geodesics can be found for example in [B,
BrM], and is based on a slightly more general notion of (a,b,c)–contraction found in [MM] where it
serves as a key ingredient in the proof of the hyperbolicity of the curve complex.
Definition 2.3. (contracting quasi-geodesics) A (quasi-)geodesic γ is said to be (b,c)–contracting if
∃ constants 0 < b ≤ 1 and 0 < c such that ∀x, y ∈ X,
dX(x, y) < bdX(x, πγ(x)) =⇒ dX(πγ(x), πγ(y)) < c.
For the special case of a (b,c)–contracting quasi-geodesic where b can be chosen to be 1, the quasi-
geodesic γ is called strongly contracting.
Definition 2.4. (Divergence) Let γ : (−∞,∞) → X be a bi-infinite (quasi-)geodesic in X. The
divergence along γ is defined to be the growth rate of the function
dX\Br(γ(0))(γ(−r), γ(r))
with respect to r, where r ∈ N. More generally, given a sequence of (quasi-)geodesic segments γn ⊂
X such that the lengths of the (quasi-)geodesic segments grow proportionally to a linear function,
we can similarly define the divergence along the sequence γn to be the growth rate of the lengths of
detour functions for the sequence of (quasi-)geodesics γn. In the literature there are various closely
related definitions of divergence, see [DMS] for details.
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2.1. Asymptotic Cones. Let (X, d) be a geodesic metric space, ω a non-principal ultrafilter, (xn) a
sequence of observation points in X, and (sn) a sequence of scaling constants such that limω sn →
∞. Then the asymptotic cone, Coneω(X, (xn), (sn)), is the metric space consisting of equivalence
classes of sequences (yn) satisfying limω d(xn,yn)sn < ∞, where two such sequences (yn) and (y′n),
represent the same point if and only if limω d(yn,y
′
n
)
sn
→ 0.
Given any sequence of subsets An ⊂ X, and asymptotic cone Xω, the ultralimit Aω is defined to
be the subset of the cone Xω with representative sequences (zn) such that {n|zn ∈ An} ∈ ω. When
the choices of scaling constants and base points are not relevant, we denote the asymptotic cone by
Xω. Elements of asymptotic cones will be denoted xω with representative sequences denoted (xi).
The following theorem of [DMS] characterizing Morse geodesics in terms of the asymptotic cone
has application in this paper:
Theorem 2.5. [DMS] γ is a Morse quasi-geodesic if and only if in every asymptotic cone Xω, every
pair of distinct points in the ultralimit γω are separated by a cutpoint.
2.2. CAT(0) geometry. CAT(0) spaces are metric spaces defined by the property that triangles are
no “fatter” than the corresponding comparison triangles in Euclidean space. In particular, using this
property one can prove the following lemma, see [BH, Section II.2] for details.
Lemma 2.6. Let X be a CAT(0) space.
C1: (Projections onto convex subsets) Let C be a convex subset, complete in the induced metric,
then there is a well defined distance non-increasing nearest point projection map πC : X →
C. In particular, πC is continuous. In this paper we will be interested in the special case of
C = γ a geodesic.
C2: (Convexity) Let c1 : [0, 1] → X and c2 : [0, 1] → X be any pair of geodesics parameterized
proportional to arc length. Then the following inequality holds for all t ∈ [0, 1] :
d(c1(t), c2(t)) ≤ (1− t)d(c1(0), c2(0)) + td(c1(1), c2(1))
C3: (Unique geodesic space) For any points x, y ∈ X there is a unique geodesic segment γ
connecting x and y, which we denote by [x, y]. In particular, CAT(0) spaces are geodesic
metric spaces.
Some caution must be taken in considering quasi-geodesics in CAT(0) spaces. In fact, even in R2
it is easy to construct examples of quasi-geodesics onto which nearest point projections are not even
coarsely well defined. Nonetheless, for the classes of Morse and (b,c)–contracting quasi-geodesics
this cannot occur. The underlying point is that for any two points on a Morse or (b,c)–contracting
quasi-geodesic, the unique geodesic connecting the points is contained in a bounded tubular neigh-
borhood of the quasi-geodesic. For Morse quasi-geodesics, this is part of the definition, while for
(b,c)–contracting quasi-geodesics, this follows from Lemma 3.3. As a consequence, we will see that
Morse and (b,c)–contracting bi-infinite quasi-geodesics behave similarly to geodesics. Throughout,
we will be careful to point out when we are dealing with geodesics and quasi-geodesics, respectively.
3. PROOF OF THEOREMS
As a warm up for Theorem 3.4, we begin this section by giving an alternative proof of the fact
that Morse quasi-geodesics in CAT(0) spaces have at least quadratic divergence. This result was
originally proven in [BD]. The present alternative proof is inspired by similar methods in [KL] and
follows immediately from the following lemma. For the sake of simplifying the exposition, in Lemma
3.1 we consider the special case of γ a geodesic rather than a quasi-geodesic. Hence properties in
Lemma 2.6 can be applied. Nonetheless, below we will show that the current form of the lemma
suffices to prove Theorem 3.2 concerning quasi-geodesics.
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Lemma 3.1. Let X be a CAT(0) space, and γ a geodesic. If for every asymptotic cone Xω, any
two distinct points in the ultralimit γω are separated by a cutpoint, then γ has at least quadratic
divergence. Similarly, the same result holds for the case of {γn} a sequence of geodesic segments in
X with lengths growing proportionally to a linear function.
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FIGURE 1. In CAT(0) spaces subquadratic divergence implies the existence of an
asymptotic cone Xω in which distinct points in the ultralimit of the geodesic are not
separated by a cutpoint.
Proof. We will prove the first statement in the Lemma. The similar statement follows by the same
argument.
By contradiction. That is, assume γ has subquadratic divergence. By definition, for each r ∈ N,
there is a continuous rectifiable detour path αr connecting γ(−r) and γ(r) while remaining outside
the ball Br(γ(0)), such that |αr| ≤ ǫrr2 where the function ǫr satisfies limr→∞ ǫr → 0. Fix a
sequence {cr}r∈N such that:
(1) 4cr ≤ r,
(2) limr→∞ cr →∞, and
(3) limr→∞ c2rǫr → 0.
For example, set cr = min{ǫ−1/3r , r4}.
For each r, let n ∈ {0, 1, ..., ⌊ rcr ⌋}, and fix znr ∈ αr such that znr ∈ π−1γ (γ(−r/2 + ncr)). Since
the total length of αr is at most ǫrr2, it follows that for some m, the distance on αr between zmr and
zm+1r is at most
ǫrr
2
⌊ rcr ⌋
≤ ǫrr
2
r−cr
cr
=
ǫrcrr
2
r − cr ≤
ǫrcrr
2
r − r4
=
4ǫrcrr
3
.
Set x1r = zmr , x2r = zm+1r , and yir = πγ(xir). By construction, d(x1r , x2r) ≤ 43ǫrcrr while
d(y1r , y
2
r ) = cr. Let ρir : [0, 1] → X be a geodesic parameterized proportional to arc length join-
ing yir = ρir(0) and xir = ρir(1). See Figure 1. Note that by construction since yir ∈ γ[−r/2, r/2] and
xir ∈ αr, it follows that
|ρir| ≥
r
2
≥ 2cr.
Consider the function ψr(t) = d(ρ1r(t), ρ2r(t)). Note that ψr(0) = cr and ψr(1) ≤ 43ǫrcrr. CAT(0)
convexity (Lemma 2.6 property C2) implies that
ψr
(
2cr
|ρ1r |
)
≤
(
1− 2cr|ρ1r |
)
cr +
8cr
3|ρ1r |
ǫrcrr ≤ cr + 16
3
c2rǫr.
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Since limr→∞ c2rǫr → 0, for large enough r we can assume d(ρ1r
(
2cr
|ρ1
r
|
)
, ρ2r
(
2cr
|ρ1
r
|
)
) is arbitrarily
close to cr.
Since y2r is a nearest point projection of x2r onto γ, it follows that |ρ2r | ≤ |ρ1r| + 43ǫrcrr. Since
limr→∞ c2rǫr → 0 and limr→∞ cr → ∞, in particular limr→∞ crǫr → 0. Hence, for sufficiently
large r we can assume crǫr ≤ 38 . Then we have the following inequality:
|ρ2r| ≤ |ρ1r |+
4
3
ǫrcrr ≤ |ρ1r |+
1
2
r ≤ |ρ1r |+ |ρ1r | = 2|ρ1r |.
Running the same argument with the roles of ρ1r and ρ2r reversed, it follows that
1
2
|ρ1r| ≤ |ρ2r | ≤ 2|ρ1r |.
In particular, d(y2r , ρ2r
(
2cr
|ρ1
r
|
)
) is at most 4cr and at least cr.
Putting things together, on the one hand we have a geodesic segment [y1r , y2r ] ⊂ γ of length cr.
While on the other hand we have a piecewise geodesic path
σr = [y
1
r , ρ
1
r
(
2cr
|ρ1r|
)
]
⋃
[ρ1r
(
2cr
|ρ1r|
)
, ρ2
(
2cr
|ρ1r |
)
]
⋃
[
(
2cr
|ρ1r|
)
, y2r ],
of total length arbitrarily close to at most 7cr. Moreover, note that by construction we can bound from
below the distance between the geodesics [y1r , y2r ] and [ρ1r
(
2cr
|ρ1
r
|
)
, ρ2r
(
2cr
|ρ1
r
|
)
]. Specifically, it follows
that the distance
d([ρ1r
(
2cr
|ρ1r |
)
, ρ2r
(
2cr
|ρ1r |
)
], [y1r , y
2
r ])
is at least arbitrarily close to cr. Consider the asymptotic cone Coneω(X, (y1r ), (cr)). In this asymp-
totic cone, the distinct points y1ω, y2ω in the ultralimit γω are not separated by a cutpoint due to the path
σω connecting them. This completes the proof. 
Using Lemma 3.1 in conjunction with Theorem 2.5, proven in [DMS], we provide an alternative
proof of the following Theorem, originally proven in [BD]:
Theorem 3.2. [BD] Let γ be a Morse quasi-geodesic in a CAT(0) space X, then γ has at least
quadratic divergence.
Proof. Given a Morse quasi-geodesic γ, construct a sequence of geodesic segments γ′n connecting
the points γ(−n) and γ(n). By the Morse property, all the geodesic segments γ′n are contained in
a uniformly bounded Hausdorff neighborhood of γ. By Theorem 2.5, in any asymptotic cone Xω,
any distinct points in γω are separated by a cutpoint. However, since the sequence of geodesics
γ′n are in a uniformly bounded Hausdorff neighborhood of γ it follows that in any asymptotic cone
Xω, any distinct points in γ′ω are similarly separated by a cutpoint. Applying Lemma 3.1 to the
sequence of geodesic segments γ′n, it follows that the sequence of geodesic segments has quadratic
divergence. However, since the quasi-geodesic γ and sequence of geodesic segments γ′n are in a
bounded Hausdorff neighborhood of each other they have the same order of divergence. 
With the end goal of proving Theorem 3.4, presently we write down a proof generalizing the well
known Morse stability lemma. The usual Morse stability lemma states that a strongly contracting
geodesic is Morse. Presently, we show that the stability lemma holds for (b,c)–contracting quasi-
geodesics. To be sure, the proof of Lemma 3.3 is closely modeled on the proof of the usual Morse
stability lemma, e.g. as in [A].
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Lemma 3.3. Let X be a geodesic metric space and γ ⊂ X a (b,c)–contracting quasi-geodesic. Then
γ is Morse. Specifically, if σ is a (K,L) quasi-geodesic with endpoints on γ, then dHaus(γ, σ) is
uniformly bounded in terms of only the constants b, c,K,L.
Proof. Since γ is (b,c)–contracting, in particular the nearest point projection πγ is coarsely well
defined. Set D = max{K,L, 1}, A = 2(1+cD)b , and R = max{d(γ, σ) | t ∈ R}. Without loss of
generality we can assume R > A. Since we wish to show that σ is in a bounded neighborhood of γ,
by replacement if necessary we can assume σ is a continuous rectifiable quasi-geodesic.
Let [s1, s2] be any maximal connected subinterval in the domain of σ such that ∀s ∈ [s1, s2],
we have d(σ(s), γ) ≥ A. Since σ is continuous, we can subdivide the interval [s1, s2] such that
s1 = r1, ..., rm, rm+1 = s2 where |σ(ri, ri+1)| = Ab2 for i ≤ m and |σ(rm, rm+1)| ≤ Ab2 . Hence,
|σ(s1, s2)| ≥ mAb
2
.(3.1)
Fix Pi ∈ πγ(σ(ri)). Then since d(σ(ri), Pi) ≥ A and d(σ(ri), σ(ri+1)) ≤ Ab2 < Ab, by (b,c)–
contraction, d(Pi, Pi+1) < c. Therefore d(P1, Pm+1) < c(m+ 1). It follows that
d(σ(s1), σ(s2)) < 2(A+ L) + c(m+ 1).
Note that since we are not assuming γ is a continuous quasi-geodesic, the distance function d(σ(t), γ)
can have jump discontinuities of L. Using the fact that σ is a quasi-geodesic, it follows that
|σ(s1, s2)| ≤ D(d(σ(s1), σ(s2))) +D ≤ D(2A+ 2L+ cm+ c+ 1).(3.2)
Combining inequalities 3.1 and 3.2, after some manipulation we obtain
m <
D(2A+ 2L+ c+ 1)
Ab
2 − cD
= D(2A+ 2L+ c+ 1).
Thus, ∀s ∈ [s1, s2] we have the following inequality:
d(σ(s), γ) ≤ d(σ(s), σ(s2)) + d(σ(s2), γ)
≤ |σ[s1, s2]|+A+ L
≤ D(2A+ 2L+ cm+ c+ 1) +A+ L
< D(2A+ 2L+ c (D(2A+ 2L+ c+ 1)) + c+ 1) +A+ L
Since the constants A,D are defined in terms of the constants b, c,K,L, the lemma follows. 
Using Lemma 3.3, we will prove the following theorem:
Theorem 3.4. Let X be a CAT(0) space and γ ⊂ X a (K,L)–quasi-geodesic. Then the following are
equivalent:
(1) γ is (b,c)–contracting
(2) γ is (1,c)–contracting, (or strongly contracting)
(3) γ is Morse, and
(4) In every asymptotic cone Xω, any two distinct points in the ultralimit γω are separated by a
cutpoint.
In particular, any of the properties listed above implies that γ has at least quadratic divergence.
Remark 3.5. Theorem 3.4 stated for CAT(0) spaces also holds for rough CAT(0) spaces or rCAT(0)
spaces, as defined in [BuF]. rCAT(0) spaces are defined similarly to CAT(0) spaces, however in place
of requiring that triangles are no fatter than corresponding comparison triangles in Euclidean space,
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we relax this inequality to allow for a fixed additive error. In particular, the class of rCAT(0) spaces
strictly includes CAT(0) spaces and all Gromov-hyperbolic spaces. In fact, since in [BuF] it is shown
that rCAT(0) spaces satisfy a coarse version of property [C3] in Lemma 2.6, modulo appropriate
coarse modifications, the proof of Theorem 3.4 carries through for rCAT(0) spaces.
γ
xr
 1
Dr
xr
 2
Ar
Rr
Br
yr
 1 yr
 2
FIGURE 2. In a CAT(0) space, assuming a quasi-geodesic γ is not (1,c)–contracting
implies it is not Morse.
Proof.
(2) =⇒ (1): This follows immediately from the definitions. (1) =⇒ (3): This is precisely
Lemma 3.3. (3) =⇒ (4): This is precisely Theorem 2.5, proven in [DMS].
In the remainder of the proof we will prove (4) =⇒ (2): By contradiction. That is, assuming γ
is not (1,c)–contracting we will show that there is an asymptotic cone Xω such that distinct points in
the ultralimit γω are not separated by a cutpoint. Since γ is not (1,c)–contracting, it follows that for
all r ∈ N, we can make the following choices satisfying the stated conditions:
(i) Fix points x1r ∈ X \ γ, and y1r ∈ πγ(x1r) such that d(x1r , y1r ) = Ar and
(ii) Fix points x2r ∈ X \ γ, and a point y2r ∈ πγ(x2r) such that d(x1r , x2r) = Rr < Ar, and
d(y1r , y
2
r) = Dr, for some Dr ≥ r. Set Br = d(x2r , y2r ).
Let ρir : [0, 1] → X be a geodesic parameterized proportional to arc length joining yir = ρir(0) and
xir = ρ
i
r(1). See Figure 2 for an illustration of the situation. Note we are not assuming the nearest
point projection maps πγ are even coarsely well defined, but instead are simply picking elements of
the set of nearest points subject to certain restrictions guaranteed by the negation of (1,c)–contraction.
In fact, we cannot have assumed that y2r could have been chosen such that d(y1r , y2r) = r, as the nearest
point projection map onto quasi-geodesics need not be continuous. Moreover, it is possible that x1r
and x2r are even the same point.
Since d(y1r , y2r ) = Dr, it follows that Ar + Rr + Br ≥ Dr. Moreover, since Rr < Ar and
Br ≤ Rr + Ar, it follows that Ar > Dr4 . Fix t = Dr4Ar ∈ (0, 1). Additionally, since Br < 2Ar it
follows that |[y2r , ρ2r(t)]| < Dr2 .
Since Ar > Dr/4, the ratio DrAr ∈ (0, 4), and hence there exists some subsequence such that DrAr
converges.
Case 1: There exists some subsequence such that DrAr → ǫ 6= 0.
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FIGURE 3. Case (1) of the proof of Theorem 3.4.
CAT(0) convexity (Lemma 2.6 property C2) applied to the geodesics ρir implies:
d(ρ1r(t), ρ
2
r(t)) ≤
(
1− Dr
4Ar
)
Dr +
DrRr
4Ar
≤ Dr − D
2
r
4Ar
Dr +
Dr
4
≤ Dr
4
(
5− Dr
Ar
)
.
For large enough values of r in the convergent subsequence, it follows that d(ρ1r(t), ρ2r(t)) is arbi-
trarily close to Dr4 (5− ǫ) .
Let z1r be a point on γ between y1r and y2r such that d(y1r , z1r ) is in the range [ ǫDr28 ,
ǫDr
28 + L].
Similarly, let z2r be a point on γ between y1r and y2r such that d(y2r , z2r ) is in the range [ ǫDr28 ,
ǫDr
28 +L].
Since ρir are geodesics minimizing the distance from a fixed point to γ, it follows that ρir are disjoint
from the interiors of the metric balls B(zir, ǫDr56 ).
Moreover, by construction, for large enough values of r in the convergence subsequence, the ge-
odesic [ρ1r(t), ρ2r(t)] is disjoint from either the metric ball B(z1r , ǫDr56 ) or the metric ball B(z2r , ǫDr56 ).
For if not, then
|[ρ1r(t), ρ2r(t)]| ≥ d(ρ1r(t), {B(z1r ,
ǫDr
56
), B(z2r ,
ǫDr
56
)}) + d(B(z1r ,
ǫDr
56
), B(z2r ,
ǫDr
56
))
≥
(
Dr
4
− ǫDr
56
)
+
(
Dr − 6ǫDr
56
)
=
Dr
4
(
5− ǫ
2
)
.
However, this contradicts the fact that d(ρ1r(t), ρ2r(t)) is arbitrarily close to Dr4 (5− ǫ) . On the other
hand, if for large enough values of r in the convergence subsequence, the geodesic [ρ1r(t), ρ2r(t)] is
disjoint from the metric ball B(zir, ǫDr56 ), then we will construct an asymptotic cone in which distinct
points on γω are not separated by a cutpoint, thus completing the proof in this case.
Specifically, let ω be a non-principal ultrafilter such that the set of values of r in the convergence
subsequence are an element of ω. Then consider the asymptotic cone Coneω(X, (y1r ), (Dr)). In this
asymptotic cone, the points v±ω in the intersection of γω and the metric ball B(ziω, ǫDr56 ) are not sepa-
rated by a cutpoint due to the existence of a path [v+ω , ziω] ∪ [ziω, v−ω ] connecting them in the interior
of the ball B(zir, ǫDr56 ), as well as the path connecting them outside the ball B(z
i
r,
ǫDr
56 ) given by the
union of paths
[v−ω , y
1
ω] ∪ [y1ω, ρ1ω(t)] ∪ [ρ1ω(t), ρ2ω(t)] ∪ [ρ2ω(t), y2ω] ∪ [y2ω, v+ω ].
See figure 3 for an illustration of the proof in Case (1).
Case 2: There exists some subsequence such that BrDr → 0.
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FIGURE 4. Case (2) of the proof of Theorem 3.4.
Let σr : [0, 1] → X be a geodesic parameterized proportional to arc length joining y1r = σr(0) and
x2r = σr(1). By the triangle inequality, |σr| is in the range [Dr −Br,Dr +Br].
Consider the triangle in X with vertices (y1r , x2r , x1r), and let the comparison triangle in Euclidean
space have vertices (y1r , x2r , x1r), Since Rr < Ar, it follows that the angle between the sides [x2r , y1r ]
and [x1r, y1r ], is less than π2 . Let ur denote the point in [y1r , x2r ], such that d(y1r , ur) =
Dr
4 . Elementary
Euclidean trigonometry implies that d(ρ1r(t), ur) <
√
2Dr
4 . Hence, by the CAT(0) property, it follows
that d(ρ1r(t), ur) <
√
2ǫDr.
Note that d(ur, x2r) ≤ 3Dr4 + Br, and hence d(ur, y2r ) ≤ 3Dr4 + 2Br. Putting things together, it
follows that d(ρ1r(t), y2r ) <
√
2Dr
4 +
3Dr
4 + 2Br.
As in Case (1), let z1r be a point on γ between y1r and y2r such that d(y1r , z1r ) is in the range
[ (2−
√
2)Dr
16 ,
(2−√2)Dr
16 +L]. Again as in Case (1), note that ρ1r is disjoint from the interior of the metric
balls B(z1r ,
(2−√2)Dr
32 ).
Furthermore, for large enough values of r in the convergence subsequence, the geodesic [ρ1r(t), y2r ]
is also disjoint from the metric ball B(z1r , (2−
√
2)Dr
32 ). For if not, then
|[ρ1r(t), y2r ]| ≥ d(ρ1r(t), B(z1r ,
(2−√2)Dr
32
)) + d(B(z1r ,
(2−√2)Dr
32
), y2r )
≥
(
Dr
4
− (2−
√
2)Dr
32
)
+
(
Dr − 3(2 −
√
2)Dr
32
)
≥ Dr +
√
2Dr
8
.
However, in conjunction with the assumption of the case, this contradicts the fact that d(ρ1r(t), y2r )
is at most 3Dr4 +
√
2Dr
4 + 2Br. On the other hand, if for large enough values of r the geodesic
[ρ1r(t), y
2
r ] is disjoint from the metric ball B(z1r , (2−
√
2)ǫDr
32 ), then as in Case (1), in the asymptotic
cone Coneω(X, (y
1
r ), (Dr)) we can find distinct points on γω that are not separated by a cutpoint.
This completes the proof in Case (2). See figure 4 for an illustration of the proof in Case (2).
Case 3: We are not in Cases (1) or (2):
Since we are not in Case (2), by passing to a subsequence if necessary we can assume that the ratio
Br
Dr
either converges to ǫ′ > 0 or diverges to infinity. In the former case, set ǫ = min(14 , ǫ
′), and in the
latter case set ǫ = 14 . Set s =
ǫDr
Ar
. By construction s ∈ (0, 1).
Let τr : [0, 1] → X be a geodesic parameterized proportional to arc length joining x2r = τr(0) and
x1r = τr(1). Similarly, let σr : [0, 1] → X be a geodesic parameterized proportional to arc length
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joining y2r = σr(0) and x1r = σr(1). By construction, |σr| is in the range [Ar, Ar+Dr]. Since we are
not in Case (1), it follows that |[σr(0), σr(s)]| is arbitrarily close to ǫDr. Moreover, CAT(0) convexity
(Lemma 2.6 property C2) applied to the geodesics ρ1r and σr immediately implies d(ρ1r(s), σr(s)) is
bounded above by Dr.
Consider the triangle in X with vertices (x1r , x2r , y2r ), and let the comparison triangle in Euclidean
space have vertices (x1r , x2r, y2r ), As in Case (1), since Rr < Ar, it follows that the angle between the
sides [x1r, y2r ] and [x2r , y2r ], is less than π2 . Let wr denote the point in [y2r , x2r ], such that d(y2r , wr) =
ǫDr. Note that since |[σr(0), σr(s)]| is arbitrarily close to ǫDr, elementary Euclidean trigonometry
implies that d(σr(s), wr) is at most arbitrarily close to
√
2ǫDr. Hence, by the CAT(0) property, it
follows that d(σr(s), wr) is at most arbitrarily close to
√
2ǫDr. Putting things together, it follows that
d(ρ1r(s), wr) is at most arbitrarily close to Dr +
√
2ǫDr.
As in Case (1), let z1r be a point on γ between y1r and y2r such that d(y1r , z1r ) is in the range
[ (2−
√
2)ǫDr
16 ,
(2−√2)ǫDr
16 +L]. Similarly, let z
2
r be a point on γ between y1r and y2r such that d(y2r , z2r ) is
in the range [ (2−
√
2)ǫDr
16 ,
(2−√2)ǫDr
16 +L]. For large enough values of r in the convergence subsequence,
the geodesic [ρ1r(s), wr] is disjoint from either the metric ball B(z1r , (2−
√
2)ǫDr
32 ) or the metric ball
B(z2r ,
(2−√2)ǫDr
32 ). For if not, then
|[ρ1r(s), wr]| ≥ d(ρ1r(t), {B(z1r ,
(2−√2)ǫDr
32
), B(z2r ,
(2−√2)ǫDr
32
)})
+ d(B(z1r ,
(2−√2)ǫDr
32
), B(z2r ,
(2−√2)ǫDr
32
))
+ d(wr, {B(z1r ,
(2−√2)ǫDr
32
), B(z2r ,
(2−√2)ǫDr
32
)})
≥
(
ǫDr − (2−
√
2)ǫDr
32
)
+
(
Dr − 6(2 −
√
2)ǫDr
32
)
+
(
ǫDr − (2−
√
2)ǫDr
32
)
> Dr +
3ǫDr
2
.
However, this is a contradiction to the fact that d(ρ1r(s), wr) is at most arbitrarily close to Dr +√
2ǫDr. On the other hand, if for large enough values of r in the convergence subsequence, the geo-
desic [ρ1r(s), wr] is disjoint from the metric ball B(zir, (2−
√
2)ǫDr
32 ), then as in Case (1), the asymptotic
cone Coneω(X, (y
1
r ), (Dr)) contains distinct points of γω not separated by a cutpoint, thereby com-
pleting the proof in the final case and hence completing the proof of (4) =⇒ (2). See figure 5 for
an illustration of the proof in Case (3).
Finally, the “in particular” clause of the theorem follows from Theorem 3.2. 
4. APPLICATIONS OF THEOREM 3.4
In this section we organize some applications of the Theorem 3.4. First, as an immediate conse-
quence of Theorem 3.4, we highlight the following which provides a converse to the usual Morse
stability Lemma for CAT(0) spaces:
Corollary 4.1. Let X be a CAT(0) space and γ ⊂ X a Morse quasi-geodesic. Then γ is strongly
contracting.
The completion of Teichmu¨ller space equipped with the Weil Petersson metric, T WP (S), is a
CAT(0) metric space which has been an object of interest in recent years especially within the circle
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FIGURE 5. Case (3) of the proof of Theorem 3.4.
of ideas surrounding the resolution of Thurston’s Ending Lamination Conjecture. As T WP (S) is
CAT(0), Theorem 3.4 has application to the study of quasi-geodesics in this space. Specifically,
in [B, BMM, Sul] among others, families of quasi-geodesics with various of the hyperbolic type
properties recorded in Theorem 3.4 are studied. In particular, in [B], it is shown that for γ a quasi-
geodesic in T WP (S) with bounded combinatorics (see [BMM] for the definition), any distinct points
in the ultralimit of the quasi-geodesic in any asymptotic cone are separated by a cutpoint. On the other
hand, in [BMM] it is shown that quasi-geodesics in T WP (S) with bounded combinatorics are (b,c)–
contracting. Similarly, implicitly in [B] as well as in [Sul] it is shown that a more general class of
geodesics generalizing those with bounded combinatorics also has the property that any distinct points
in the ultralimit of the quasi-geodesics in any asymptotic cone are separated by a cutpoint. Putting
things together, in conjunction with Theorem 3.4, we have the following corollary strengthening the
aforementioned results in [B, BMM]:
Corollary 4.2. Let γ be a quasi-geodesic in T WP (S) with bounded combinatorics (or more generally
the generalization of bounded combinatorics studied in [Sul]), then γ is strongly contracting.
Note that [BeF] proves the special case of Corollary 4.3 where γ is a psuedo-Anosov axis in
T WP (S). More generally, as a special case of Theorem 3.4 the following corollary can be used for
proving that a quasi-geodesic in a CAT(0) space is strongly contracting:
Corollary 4.3. Let γ be a quasi-geodesic in a CAT(0) space. If for some constant 0 < b ≤ 1, c > 0,
the quasi-geodesic γ is (b,c)–contracting, then γ is strongly contracting.
5. QUESTIONS
In light of Theorem 3.4, we pose the following natural question:
Question 5.1. For X a CAT(0) space and γ ⊂ X a quasi-geodesic, under what conditions is the
property of γ having at least quadratic divergence equivalent to the other four properties in Theorem
3.4? Equivalently, when does the converse of Lemma 3.1 hold?
If one considers the union of two copies of Rn joined at a single point, it is easy find geodesics in
such a CAT(0) space which have at least quadratic, in fact infinite, divergence, yet are not Morse. On
the other hand, if γ is periodic then having quadratic divergence, in fact even superlinear divergence,
by homogeneity implies that in every asymptotic cone any distinct points in the ultralimit γω are
separated by a cutpoint, [DMS].
Furthermore, in light of Lemma 3.3, we pose the following question:
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Question 5.2. As in Lemma 3.3 asymptotic cones can be used to provide conditions for determining
when a quasi-geodesic has at least quadratic divergence. Can asymptotic cones be used to determine
cubic divergence or any higher degree of polynomial divergence?
Taking steps toward answering Question 5.2, in [Sul] the author uses asymptotic cones to prove
that the Teichmu¨ller space equipped with the Weil Petersson metric of the once punctured genus two
surface, T WP (S2,1), has superquadratic divergence.
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